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An experimental investigation has been made of the processes occurring during 
the natural transition from laminar to turbulent flow of natural convection flow 
of water adjacent to a flat vertical surface where the surface heat flux is uniform. 
Measurements of both the velocity and temperature fields were made over wide 
ranges of the heat flux and a t  various downstream locations. Of principal interest 
were the definitions of the boundaries of the transition regime and their deter- 
mination a t  several values of the surface heat flux. The interaction of the velocity 
and temperature fields during transition was measured. Our results show that 
transition events are not correlated in terms of the Grashof number G*.  The 
form G*/xn ,  where n is of order &, was found to give satisfactory correlations. 
Measurements of the frequency and growth rate of disturbances indicate t,he 
primacy of the velocity field during transition and show that the growth of 
turbulence in the temperature field lags behind that in the velocity field. The 
study of the turbulence growth, in terms of intermittency factors in both 
the velocity and temperature fields, resulted in unambiguous criteria for the 
boundaries of the transition regime. Our results suggest a kinetic energy flux 
parameter E and a single value closely correlates both our measurements of the 
onset of transition as well as those from all past studies known to us, for both 
different fluids and heating conditions. 

1. Introduction 
Recent years have seen a growing interest in natural convection boundary- 

layer flows. However, most studies have been concerned with laminar flow or 
with only the earlier stages in the long process of the conversion of laminar flow 
to turbulence. Although there has been some investigation of the turbulent 
regime, the basic processes underlying the final stages of breakdown are still 
largely unknown. As turbulent flows are often of greater practical significance in 
nature and in technology, it is important to understand when and how laminar 
flows finally become turbulent. 

The early stages of disturbance amplification were initially considered from 
the standpoint of linear stability. The question concerns the conditions under 
which a balance of buoyancy, pressure and viscous forces contributes energy to  
a disturbance and causes its growth as i t  is convected downstream. It is believed 
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that later breakdown of laminar flow follows from such highly amplified dis- 
turbances. The extensive analytical and experimental investigation of recent 
years concerning laminar instability has been summarized by Gebhart ( 1973). 

The analytical predictions of both the initial instability and the early growth 
rate of disturbances have received excellent corroboration from experimental 
studies. A very important result of these studies, for flows adjacent to vertical 
surfaces, is that only disturbances in a very narrow band of frequencies are 
rapidly amplified downstream. 

As a disturbance amplifies downstream, three-dimensional and nonlinear 
effects become important. The analysis of Audunson & Gebhart (1975) includes 
both effects for a Prandtl number Pr of 0.7. The experimental investiga- 
tion of Jaluria & Gebhart (1973) in water, P r  = 6.7, and with controlled disturb- 
ances substantiated many of the predictions of that  analysis. Both analysis 
and experiment have shown that the nonlinear interactions among three- 
dimensional disturbances lead to the establishment of a secondary mean 
flow consisting of a double longitudinal vortex system. The outer vortex was 
found to stretch out across the bounda.ry region and into the ambient medium. 
An alternate spanwise steepening and flattening of the longitudinal mean 
velocity profile results. It was inferred that this distortion would lead to higher 
local rates of energy transfer to  disturbances, causing a more rapid growth. 
Thus, we now believe that nonlinear interactions give rise to a secondary mean 
motion, which in turn may lead to breakdown and the onset of transition. 

However, few experimental studies have been made of the mechanism of 
actual transition in natural convection. Some experimental data concerning 
turbulent flow exist, but most of them are in the form of overall heat-transfer 
rates and mean temperature profiles. Griffiths & Davis (1922) made the first 
measurements of local heat transfer, as well as of mean velocity and temperature, 
in air adjacent to an isothermal vertical surface. Recently Cheesewright (1968) 
and Warner (1966) made a more detailed study of the same case, confirming and 
extending the earlier results. The emphasis was again on the temperature field, 
in particular on heat-transfer rates and mean temperature profiles. However, 
these studies dealt primarily with turbulent flow; few measurements were made 
in the transition regime. Cheesewright also made some velocity measurements, 
but no data were taken in the transition region. The appearance of significant 
temperature fluctuations was taken as the beginning of transition. The end of 
transition was simply taken as the downstream location where major changes in 
the form of the mean temperature profiles ended. 

Vliet & Liu (1969) and Lock & de B. Trotter (1968) made moredetailed studies 
of turbulent natural convection flow adjacent to a uniform-heat-flux vertical 
surface in water. They also made some temperature measurements during 
transition. Vliet & Liu defined the beginning of transition to be the downstream 
location where the surface temperature begins to decrease from a maximum 
value. Some velocity data are given for the turbulent regime. Lock and de B. 
Trotter measured temperature distributions and inferred the scale and intensity 
of the turbulence. They also obtained some intermittency data from their 
temperature measurements. 
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A significant point that emerges from past studies is the wide range of Grashof 
numbers over which both the beginning and end of transition have been esti- 
mated to occur. For a uniform-heat-flux surface, the Grashof number G* is here 
defined as G* = 5(g@',q"x4/5kv2)t, where x is the distance along the vertical 
surface from the leading edge, q" the uniform surface heat flux, k the thermal 
conductivity, v the kinematic viscosity, PT the coefficient of thermal expansion 
and 9 the acceleration due to gravity. The relation between G* and the con- 
ventional Grashof number Gr, is given in the appendix. 

Linear stability theory predicts that the downstream growth rate of a two- 
dimensional disturbance depends, for a given Prandtl number, only on G*. It 
is, therefore, important to determine whether a systematic trend does exist in 
the G* values a t  the beginning and end of transition and if these values vary 
with either the heat flux q" or the value of x at which measurements are taken. 

A preliminary investigation of this question is reported by Godaux & Gebhart 
(1974) in a study of the temperature field during transition. Defining the begin- 
ning of thermal transition as the point where the mean temperature profile 
begins to change its form from the laminar one, they found that the local G* a t  
the beginning of transition varied about as x3. That is, transition occurred near 
a constant value of G*/x#cc (q"x)s. The end of transition was not as well defined 
in their measurements and a range of G* was suggested. 

It is very significant that this trend was found even though the beginning of 
transition is not sharply defined nor easily measured in terms of a departure 
from laminar mean flow distributions. Nor is this the usual definition. The more 
common practice is to take the first appearance of turbulent bursts as the onset 
of transition as is widely done in forced flows; see, for example, Tani (1969). 
I n  addition, since no detailed velocity measurements were made by Godaux & 
Gebhart, no conclusions could be drawn regarding the nature of either the 
velocity field or of the details of its interaction with the temperature field. 

Clearly, an extensive investigation was needed to determine detailed transition 
mechanisms and to find any relation which may exist between what is now known 
of instability and disturbance growth, on the one hand, and eventual transition, 
on the other. Such a study would determine the gross features of the boundary- 
region flow as well as the nature and behaviour of the disturbances as the flow 
undergoes transition. A principal aspect of this problem is the way the velocity 
and temperature fields interact and influence each other. This requires an investi- 
gation of the frequency and growth of disturbances as well as of the onset and 
development of turbulence in the two overlapping boundary regions. Thus far, 
this question has not been considered, and we shall see that it is of great signifi- 
cance in water, owing to the large disparity in the thicknesses of the two laminar 
boundary regions. Another important question is how the G* values defining the 
limits of transition vary with q" or x. Our measurements cover the whole transi- 
tion regime in a flow subject only to naturally occurring disturbances. 

Past and new information have led us to formulate the sequence of events 
shown in figure 1. Turbulence, or bursts, were found to occur first in the thicker 
velocity region, then later in the temperature field. Further downstream, the 
mean velocity profile was found to change its form from the laminar one and to  
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FIGURE 1. Growth of boundary-layer thickness and sequence of events during 
transition in water (Pr  = 6.7) at 4’’ = 300 B.Th.U./h ft2. 

reach out further into the ambient medium. This was later accompanied by a 
major distortion of the mean temperature profile, the beginning of what 
Godaux & Gebhart (1974) called ‘thermal’ transition. 

The growth of turbulence is expressed in terms of the local intermittency 
factor r(x,y),  the fraction of time that the flow is turbulent a t  a downstream 
location x and boundary-region location y. It was determined separately for 
the velocity (I?,) and temperature (I?,) fields. VC7e shall see that the end of 
transition is defined as the downstream location x beyond which both 
intermittency factors, a t  the measured edge of the respective boundary 
regions, no longer change appreciably in magnitude. This implies an unchanging 
distribution of rv, or of FT, when plotted against the normal distance y from the 
surface, when y is normalized by the corresponding measured mean boundary- 
layer thickness S,, or aTM. Two limits separately indicate an end of transition 
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in velocity and in temperature. Our measurements have shown that these two 
different measures of the end of transition coincide. 

We have also measured the predominant frequencies of the velocity and 
temperature disturbances. The mean temperature and velocity profiles, and the 
growth of the corresponding boundary-layer thicknesses, were measured. The 
distribution of disturbance amplitude across the boundary region was also 
obtained. We also measured disturbance intensities during transition. The 
measurements were made over wide ranges of the downstream location x and 
of the uniform surface heat flux q”. 

The present results indicate that flow and temperature characteristics in the 
transition regime are not properly correlated in terms of the paramet’er G* and 
that the downstream location x, or the surface flux q”, must be considered in 
conjunction with G* for a better correlation. The results indicate that the 
parameter G*lxn, where n lies between 0.4 and 0.54, is an accurate correlating 
factor. I ts  physical significance is discussed. 

2. The experiment 
The experiment was carried out in flow adjacent to a uniform-flux flat vertical 

surface. The flat surface which generated the flow was a 53in. high and 19-8in. 
wide Inconel 600 foil assembly consist>ing of two foils 0.0005 in. thick separated 
by layers of teflon. The assembly was bonded a t  high pressure and temperature 
to fuse the teflon. This gave a very flat surface, which was then stretched 
vertically between two knife edges. This arrangement gave rise to a well-defined 
boundary layer on both sides. The foil assembly was heated electrically by means 
of a d.c. motor generator when the current required was 30A or more and by an 
electronic d.c. power supply for smaller currents. Both the power supplies were 
very stable and our measurements of velocity and temperature indicated no 
dependence on the power supply used. The voltage across the foil was measured 
by a digital voltmeter and the current through it by means of a shunt resistance 
in series. As the flux is obtained from electrical dissipation, the condition of 
uniform surface flux is achieved for a foil of uniform thickness. 

The investigation was carried out in a 6 x 24 x 6 f t  high insulated tank made 
of stainless steel, with glass windows. The leading edge of the foil was 5.7 in. from 
the bottom of the tank and the trailing edge 15in. from the water surface. 
A water purification and deaeration system enabled us to increase the resistivity 
level of the water in the tank to  around 1 Mi2 cm. The system is described in 
detail by Hollasch (1970). Water of such a high purity is needed to avoid ‘drift’ 
in the calibration of bare hot wires. Only stainless steel, teflon and glass were 
allowed to come in contact with the water and all sealing was done with a silicone 
grease which does not contaminate water. 

The thermal capacity of the foil assembly was sufficiently small that  steady 
flow was attained within a few minutes. The large size of the tank made long test 
times, 30-40 min, possible without causing appreciable stratification or circula- 
tion in the tank. The temperature difference across the boundary region was 
usually of the order of 5-8 O F ,  permitting assumption of constant properties. 
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Constant-temperature hot-wire anemometers (Disa Model 55D01) were used 
to measure velocity. The longitudinal velocity was measured using only one hot 
wire with the sensor parallel to  the vertical surface and perpendicular to the x 
direction. Two wires in a V-arrangement were needed to measure the transverse 
velocity component. The sensor wire was platinum and 0.0005in. in diameter 
while the hot-wire supports were silver plated. This configuration provides 
'anodic protection' for the sensor as discussed by Hollasch & Gebhart (1972). 
The hot-wire overheat ratio used was 1.1. This resulted in a sensor temperature 
about 60 O F  above the ambient. Since the temperature in the boundary region, 
except very close to the foil, was only a few degrees above the ambient, the error 
in velocity measurements due to temperature fluctuations and to background 
temperature changes was negligible. Calibration of the hot wires was carried out 
in water of resistivity of about 1 Mi2 cm by the method of Dring & Gebhart (1969). 
For further details concerning calibration and velocity measurement, see Jaluria 
& Gebhart ( 1973). 

The temperature measurements were made by means of a copper-constantan 
thermocouple 0.003 in. in diameter, using a reference temperature of 32  O F .  This 
diameter gave a response time of the order of 8ms. This was adequate for the 
frequencies encountered in this study. The thermocouple wires had a thin coat 
of nylon, for electrical insulation, which was removed at the ends to weld the 
junction. The thermocouple junction was located in the same horizontal plane 
as the hot wire. We found that the thermocouple reading was not disturbed by 
an active hot wire. The thermocouple wires were held in a pair of hollow glass 
tubes of diameter 0.05 in. These supporting tubes were attached to the support 
outside the boundary layer which also held the hot-wire probe. The location of 
the thermocouple junction with respect to  the hot-wire sensor was accurately 
determined. The hot-wire and thermocouple signals were simultaneously 
recorded on a two-channel Offner Dynograph (type RS). At a sensitivity of 
10,uV/cm, the temperature sensitivity was about 0.40 "F/cm. 

The probe array could be positioned anywhere in the boundary region. The 
normal distance y to the vertical surface was obtained from a micrometer with 
0.001 in. divisions and the vertical (x) and transverse (2) positions using scales 
with divisions of 0.05 in. The exact location of the surface was determined by the 
electrical circuit described by Jaluria ( 1972). 

Detailed local measurements were made over a wide range of the downstream 
location x and surface heat flux q". However, the basic procedure employed was 
to study the events for a wide range of G" a t  a given location x, by varying q", 
before moving on to another location. This procedure was used in order to avoid 
frequent vertical repositioning of the probes and subsequent determination of 
the location of the surface. However, at each x, the same set of values of q" was 
used. Thus, we obtained data for the downstream sequence of events for fixed 
values of q". This corresponds to a single vertical surface studied at several 
different levels of heat flux. 

All our experiments were carried out late a t  night to avoid the effect of large 
disturbances caused by the more intense daytime activity in the building. The 
mass and capacity of the tank further cushioned it from such disturbances. As I 
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a check, many experiments were repeated on different nights to determine 
whether the results were altered. No significant variation was observed in our 
measurements and good reproducibility of data, within 5-10 yo for the wall 
temperature, maximum velocity and surface heat flux, was found. We note that 
an error of 5-10 yo in q" gives rise to an experimental error of only 1-2 % in G* 
since G*oc q"*. 

3. Experimental results 

An important aspect of the transition process is the change in the mean velocity 
and temperature distributions from laminar through transition to turbulent. 
We measured mean velocity and temperature profiles a t  various downstream 
locations x and over a wide range of Grashof numbers G*. At each location, 
measurements were first made in what was evidently locally completely laminar 
flow. The surface heat flux q" was then increased in order to proceed through 
transition to complete turbulence a t  that location. 

Mean velocity projiles. Distributions across the boundary region a t  x = 15 and 
42 in. and for the range of G* studied are shown in figure 3. The measured mean 
velocity U is normalized by the maximum value U,,, found in the traverse. 
The distance y normal to  the vertical surface is scaled as in laminar boundary- 
layer theory by 6 = 5x/G*,toobtain the similarity variable 7 = y/6. These curves 
clearly show the changing form and extent of the velocity profile during transi- 
tion. The laminar velocity profile calculated by Knowles (1967) for Pr = 6.9 is 
shown for reference. 

The data at x = 15in. for G* = 504 and a t  x = 42in. for G* = 752 are very 
close to  the theoretical laminar profile. However, a t  x = 15in. for G* = 551 and 

3.1. Mean velocity and temperature distributions 
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FIGURE 3. Mean velocity distribution UlU,,, 2's. y / 8 p ~ l ~ ~  at  x = 42 in. 
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a t  x = Idin. for G* = 838 the profiles have become distorted and flow has been 
induced further out in the ambient medium. As the surface heat flux q" is 
increased a t  each downstream location, the flow penetrates deeper into the 
ambient fluid as a consequence of growing turbulence in the boundary region. 
At x = 42in. for G* = 1342, the thickness of the boundary region is twice that 
of a laminar one. The downstream change in profile a t  a constant q" = 300 
B.Th.U/hftz may be seen by comparing the results a t  x = 15in. for G* = 551 
with those a t  x = 42in. for G* = 1240. We see a thickening of the boundary 
region and increased distortion. 

An important point that  emerges from the results in figure 2 is the dependence 
of the form of the profile on both the downstream location x and on the value 
of G'k. For example, the mean velocity profile a t  x = 42in. and G* = 752 agrees 
closely with that for laminar flow, whereas at x = 15 in. and G* = 635 we already 
have a pronounced distortion of the measured profile and considerable 
thickening of the boundary region. The similarity in the form of the curves a t  
x = 15in. for G* = 504, 551 and 586 with those a t  x = 42in. for G* = 752, 838 
and 914, respectively, also indicates that  t.he mean velocity profile is not a 
function of G* alone but that  it also depends strongly on the downstream loca- 
tion x,  or on the surface heat flux q". These results suggest that  a correlating 
parameter should incorporate either x or q" with G*. 

The location (in 7)  of the maximum velocity remains approximately the same, 
a t  around 7 = 0.7. The peak broadens with increasing G* and it becomes more 
difficult to  determine its exact location. Nevertheless, our data show that the 
peak gradually shifts inwards, in terms of the physical distance y, as G* increases 
a t  a given location. It shifts outwards downstream a t  constant q". 

The changing form of the distributions is better seen when they are plotted, as 
in figure 3, against y normalized by the measured local velocity boundary-layer 
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FIGURE 4. Mean temperature distribution. -, x = 42 in.; ., G* = 914; A, G* = 1240; 
0, G* = 1342; ----, x = 15 in.: 0, G* = 551; 0 ,  G* = 586; A, G* = 625. 

thickness SrAf.  Values of SrJf were estimated from figure 2 .  However, the con- 
ventional definition of the edge of the boundary layer as the location (in y or 7) 
where the velocity has dropped to 1 yo of its peak value was not practical. The 
profile in the outer portion of the boundary region is too flat. Therefore, the edge 
of the boundary layer was taken as the position a t  which the velocity had dropped 
to 5 yo of its maximum value. A similar definition was later used for the thermal 
boundary-layer thickness 

Although figure 3 is a better correlation, there still remains systematic dis- 
agreement. The curves meet a t  y/S,, = 1, by definition. Yet the peak is seen to 
shift towards the surface. Clearly no correlation may be obtained by scaling y in 
any way. Efforts of Cheesewright (1968) and Vliet & Liu (1969) to obtain such 
a correlat'ion in turbulent flow did not yield any satisfactory result. The forms of 
our distributions agree with theirs in the shift of the peak towards the surface and 
a flattening of the profile near the inflexion region with increasing G*. 

Mean temperature projiles. These distributions are plotted in figure 4. The 
results are in terms of 4 = (T - T,)/(To - T,) vs. 7, where T is the local fluid 
temperature, To is the local surface temperature and T, is the temperature of the 
ambient medium. To was determined by extrapolation of the measurements 
of mean temperature to the surface. This value was found to be slightly less 
than the theoretical value in the laminar regime and it decreased during 
transition, as observed by Vliet & Liu (1969) and discussed in more detail later. 

At x = 15in. for G* = 551 and a t  x = 43in. for G* = 914 the measured profiles 
agree closely with the laminar profile, also calculated by Knowles (1967). With 
increasing G* the profiles steepen near the surface and flatten a t  higher 7.  The 
thermal boundary region thickens as G* increases. At x = 42in. for G* = 1342, 
the thickness of the boundary region is about four times that of a laminar one. 
The general form of these curves agrees with the measurements made by Godaux 
& Gebhart (1974), Cheesewright (1968) and Warner (1966) in the transition 
regime. Such thickening is expected to follow the thickening of the velocity 
region. As the flow penetrates deeper into the ambient medium it also diffuses 



318 Y .  Juluriu and B. Gebhart 

I I I 1 I I I I I 1 I I I 
300 500 700 900 1100 1300 1500 

G* 

FIGURE 5 .  Downstream growth of boundary-layer thickness with G* for various values 
, temperature; a, q“ = 67; 0, q“ = 120; of q” (in B.Th.U./h ft2). __ , velocity; ---- 

0 ,  q” = 300; @ , q ”  = 415; *, q“ = 595. 

the warm fluid outward. The temperature and velocity field are linked and, 
depending on the magnitude and size of the turbulent eddies, the thermal 
boundary region diffuses further into the ambient medium. 

These results show that the progression of thermal transition also does not 
depend on G* alone. At x = 15in. the distribution for G* = 625 is greatly 
distorted from laminar form whereas at x = 42 in. for the higher value Gf* = 914, 
it is just beginning to deviate. The flow has progressed well into transition a t  
G* = 625 even before the beginning of distortion at G* = 914, at a lower value 
of 4”. Clearly does not correlate these mean temperature profiles. Nor would 
a normalization of y by the measured thermal boundary-layer thickness STfi f .  

Growth of boundary-layer thickness. The measured growth of Svfif and STM 

with G* is shown in figure 5 for several values of the surface heat flux q”. Both 
were normalized by the theoretical thermal boundary-layer thickness STL for 
laminar flow. With our definition (5  yo) of boundary-layer thickness, STL = 1-356. 
Both boundary-layer thicknesses are seen to increase with transition from the 
laminar values of 1-0 and 3.3. The location of the deviation depends sharply on 
the value of q”. However, the rate of growth with G* is not sharply dependent 
on q”, although the rate of growth with x increases at higher q”, since G*cc (q”x4)4. 
Since SvM begins to deviate from the laminar value a t  a lower G* than does STM,  
the flow field is seen to be the key to the transition mechanism. This is not sur- 
prising, given the disparate boundary-region thicknesses at  this Prandtl number. 

We also infer from figure 5 that the ratio SVfif /STM decreases with G*, for 
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a given q”. For example, for q” = 300 B.Th.U./hft2, this ratio decreases from 4.0 
to 1-9 as G* increases from 550 to 1400. Thus, after its initial deviation, the 
thermal boundary-layer thickness grows more rapidly. This is presumably due 
to the growth of velocity turbulence to a large enough scale to cause very rapid 
mixing of the thermal boundary-layer material. 

Even though the thickness ofthe thermal boundary region rapidly increases, it  
never equals the velocity-region thickness. The measurements of Vliet & Liu 
(1969) in fully turbulent flow indicate that &,,/ST, becomes about 2.0, 
according to our definition of boundary-layer thickness. We find about 1.9. 

3.2. The growth of turbutence 

The measured progress of transition, from the first appearance of turbulent 
bursts to complete turbulence, is presented in terms of the local intermittency 
factor r ( x ,  y) defined earlier. Distributions of r ( x ,  y) across the boundary region 
indicate turbulence growth with G* and the end of transition may be inferred 
from their characteristics. 

Distributions of the velocity intermittency factor I?,, a t  the two locations 
x = 15 and 42 in. for various q” are shown in figure 6. At both locations, for the 
smallest values of G* the curves are seen to be very narrow and extend out only 
to about 7 = 3. The flow beyond is still entirely laminar. The maxima in the 
distributions a t  x = 15in. for G* = 504 and at x = 42in. for G* = 752 are a t  
around 7 = 0.8 and are, thus, close to the maxima of the mean velocity profiles, 
which, as we have seen, have not as yet deviated from the laminar ones. 

distributions quickly reach further out in 7.  The 
maximum value also rises to rr. = I, i.e. to complete local turbulence. The region 
of complete local turbulence also grows. A t  x = 42in. and G* = 1342 the 
boundary region is completely turbulent out to = 6-5. Although rV decreases 
gradually beyond this, the flowis turbulent more than half the time even a t  7 = 12. 

With increasing G”, the 
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Figure 6 indicates a steep decrease in rV in the immediate vicinity of the 
surface. This is particularly apparent a t  smaller values of G*. Thus the flow close 
to the surface is predominantly laminar. This is probably due to damping a t  the 
wall. Lock & de B. Trotter (1968) did not find this laminarization near the surface, 
although they did measure a damping effect on disturbance amplitude there. 
Since they used tap water, presumably of low resistivity, leakage currents to the 
surface might have caused considerable errors in the readings. 

The changing rv distributions are consistent with the change in the mean 
velocity profiles in figure 2. The expansion of the flow field out into the ambient 
medium accompanies spreading rv distributions. Apparently the initial turbu- 
lent eddies are small and weak. However, as they are convected downstream 
they grow in size and in strength and more effectively mix fluid across the 
boundary region, giving rise to the broad rV curves a t  higher G*. 

Corresponding distributions of the temperature intermittency factor rT are 
plotted in figure 7. Their behaviour is similar. Highly localized turbulence in the 
temperature field, evident from the narrow distribution, which also peaks a t  
around 7 = 0.8, spreads outward in the velocity boundary region as G* increases. 
Again the region nearest the surface is predominantly laminar. 

A comparison of the FT and rv distributions indicates another significant 
feature of these flows, that  is, that  turbulence appears first as velocity disturb- 
ances and only further downstream as thermal disturbances. Although turbu- 
lence was observed in velocity at x = 15in. for G* = 504 and a t  x = 42in. for 
G* = 752 (see figure 6), no turbulence is found in temperature. Figures 6 and 7 
also indicate that the rV distributions spread out further in the boundary region 
than do those of rT. Compare, for example, the results a t  x = 42in. and 
G" = 914. Thus the temperature disturbances follow the velocity disturbances. 
As turbulent eddies grow, greater mixing in the boundary region causes the 
turbulent thickening of the thermal region. Later investigations of both the 
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FIGURE 8. Variation of the intermittency factors I'v and ry with G* at 7 = 2. -, velo- 
city; ---- , temperature. The numbers shown on the curves indicate the value of q" in 
B.Th.U./h ft2. 

frequency and growth of velocity and temperature disturbances offer additional 
evidence for these conclusions. 

The rate of downstream development of turbulence may perhaps be seen more 
clearly by plotting I?, at 7 = 2, us. G* for various values of q", as shown in figure 8. 
The growth from the first appearance of bursts is seen to be very rapid. These 
curves clearly indicate that for any given q", that is, given uniform surface flux, 
the turbulence arises first in the velocity field. Although rT deviates from zero 
after rr., it increases more rapidly to complete turbulence downstream. 

These I? curves are strongly dependent on 4". At higher values both initial 
transition and complete turbulence occur a t  smaller G*. We again see the 
independent importance of q" in the range of G* corresponding to transition. 

3.3. The end of transition 

With this increased understanding of the progress of transition we now consider 
the definition of the end of transition, as distinct from the onset of 'developed' 
turbulence yet further downstream. We shall see later that this additional 
process must be of fundamental importance in this flow. The end of transition 
should be taken as the end of the downstream variation of some quantity 
characteristic of transition. Cheesewright (1968) defined it as the downstream 
location where major changes in the form of the mean temperature profiles 
ended. One might also choose the location where the ratio Sv,/S,, reaches 
a constant value. However, such criteria are neither sharply defined nor 
accurately measurable. 

The growth of turbulence is characterized by I? and it would perhaps be 
physically reasonable to define the end of transition in these terms. We could 
choose the downstream location where the flow a t  an arbitrary value of 7 becomes 
completely turbulent. However, the boundary region thickens with G* and the 
region of complete turbulence continues to expand. Choosing an arbitrary 7 
location, without giving due consideration to the thickness Sv, or S T M ,  would 
not be reasonable and would not uniquely characterize the end of transition. 
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FIGURE 9. Distribution of the intermittency factors and rT across the boundary region 
at the end of transition for the downstream locations z where measurements were taken. 

The criterion we propose here was first applied separately to the velocity and 
to the temperature field, in order to determine whether the resulting downstream 
location of the end of transition was the same by the two measures. These 
criteria were defined in terms of the distributions of I?, and rT vs. y normalized 
by &,, and respectively. We recall that the distributions of I', and rT 
spread out with increasing G*. However, it  might be true that, beyond the end 
of transition, their form does not continue to change, in terms of y/&,,, and 
y/&T,. This amounts to looking for a correlation in terms of y/&,, and/or y/&T,. 

We found that the values of both rV and rT at  the measured edge of the 
boundary region initially increase rapidly with G* during transition. They then 
reach a more or less fixed value. The value of G* a t  which this occurs was taken 
as the end of transition. Intermittency was also found to correlate well down- 
stream in terms of y/&,, and/or y/&,,. Though our criterion is probably not as 
sharply defined as is the first appearance of bursts a t  the beginning of transition, 
we found that we could still apply it accurately if sufficient data were available 
in the region close to the end of transition. Finally, applying this criterion 
separately to I', and rT, we found that the end of transition was attained a t  the 
same downstream location, or G*, for any given value of q". 

Clearly, the end of the transition regime signifies the end of a progressive 
process, and, as such, this end cannot be distinctly specified in terms of a definite 
value of G* nor defined uniquely. However, in order to determine the effect of q" 
on the end of transition it is necessary to use a measure which is relatively sharp 
and reliable. The distributions of r have these characteristics. 

Another interesting observation about the end of transition is apparent in a 
plot of both the and rT distributions there us. y/&,,,. These are shown in 
figure 9 for downstream locations x = 34, 33,42 and 48in. with G* = 910, 1083, 
1240 and 1320. The respective distributions fall within the two narrow shaded 
regions. Thus, a t  the end of transition at  various values of q" the I? vs. y/&,, 
curves are very similar. This suggests a turbulence structure a t  the beginning of 
complete turbulence which is in some way independent of 4". 
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The measured limits of the transition regime are plotted in figure 16 in terms 
of G* and 4". Linear trends are found for both the beginning and end of the 
transition regime on a log-log scale. Transition is seen to begin and end at  lower 
G* for higherq". Also shownare the limitations of our experiments since x 6 52in. 
and q'! 6 700 B.Th.U./hftZ. We were able to study the complete process only 
in a narrow range of q". The curves indicate that a parameter of the form G*qNm, 
or G*x-~, characterizes the limits of transition. We shall later determine m 
and n and discuss the possible physical significance of these quantities. 

3.4. The frequency of disturbances 

We know from earlier investigations of laminar instability (see Gebhart 1969, 
1973) that these boundary-layer flows amplify input frequencies selectively and 
over a very narrow band of frequencies. It is important to an understanding of the 
origin and growth of bursts to know whether such a concentration of disturbance 
energy into almost a single frequency continues into the transition processes. 
We also wish to know how any principal disturbance frequency survives and 
changes through transition to complete turbulence. 

A detailed study of the frequency of both velocity and temperature disturb- 
ances was carried out at various x and q" during transition. In  any single experi- 
mental recording of fluctuations, i.e. at a given x and y ,  we found that almost 
a single 'predominant' frequency dominated the turbulent portion of the record 
and that another significantly lower ' principal ' frequency dominated the laminar 
portion. Approximately 10 measurements were made of each of these frequencies, 
at  each condition, and averaged as either the predominant or principal frequency. 
Although the data we report here were taken a t  around rj = 1, each of the two 
characteristic frequencies was essentially constant across the boundary region, 
for given x and q". 

It would have been desirable to analyse the disturbance frequency spectrum 
and to determine accurately these dominant frequencies. However, this is a very 
difficult undertaking, €or which we were not prepared. We know of no proven 
analog instrumentation for detailed spectrum analysis below 1 Hz. The use of 
a Fourier transform method on digitalized data appears promising but we have 
not yet been able to determine to our satisfaction that available amplifiers and 
analog-to-digital converters, coupled to digital tape, offer both stability and 
suitably low signature a t  these frequency levels. 

The frequency of the most-amplified disturbance at a given G* is predicted 
by linear stability analysis in terms of the generalized frequency p, where 
,!3 = (25~2/vG*3)2nf and f is the physical frequency. This is rewritten as 
f = C,!3G*lq"t, where C = (2n)-l(g,!3,/k)l. Now j3 for the most-amplified disturb- 
ance is only a function of G*. Therefore, flCq"4 is a non-dimensional function of 
only G*; it is independent of q" and x. We have plotted the downstream variation 
of the dominant disturbance frequencies in this form in figure 10, for several 
values of q". The relation obtained from linear stability analysis by Hieber & 
Gebhart (1971), for our experimental conditions, is also shown. 

Data a t  the same q" levels are fitted with curves. Clearly the laminar or 
principal frequency data agree very closely with the predictions of the linear 
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FIGURE 10. Variation of the dominant turbulent disturbance frequency, velocity and 
temperature, with G*. __ , velocity; ---- , temperature; 0, q” = 67 B.Th.U./hft2; 
0, q” = 120; 0 ,  q“ = 300; m, q” = 415; *, during locally laminar flow. 

theory, thereby lending strong support to both our measurements and to the 
predictions of theory. However, the predominant frequency, in periods of 
turbulence, is seen to be progressively greater than the corresponding laminar 
value. It also increasesrapidly during transition. The level and slope of the curves 
depend strongly on the value of 4”. Transition is again implied by these data to 
begin a t  a lower G* for larger 4“. The rate of increase of flCq”4 with G” is lower a t  
higher q”. However, the rate of increase of the physical frequency f with C* was 
found to be approximately independent of 4”. We point out, incidentally, that 
the expected accuracy of these frequency determinations decreases through 
transition as both the velocity and temperature disturbances are progressively 
distorted from their almost purely sinusoidal form a t  the beginning of transition. 

Another very important property of these data is that the local predominant 
frequency of the temperature disturbance is less than that of the velocity dis- 
turbance, a t  all values of q”. This would be anticipated from the earlier finding 
of delayed thermal transition. The predominant frequency of the velocity 
disturbance increases downstream. Temperature disturbances are produced by 
those in the velocity field. Since their detection depends upon the turbulent eddy 
size being sufficiently large to be measurable, the increase in frequency is seen 
further downstream. The temperature disturbance frequency never quite 
catches up during transition. 



Transition mechanisms in vertical natural convection $ow 325 

0 

0. 

A. 

0 
0 0  

4. . 
0 

O C I  . 

I,,,,, 0 - 0  
300 400 500 600 700 800 300 400 500 600 700 800 

G*/x& (ft-') 

FIGURE 11. Variation of the principal turbulent disturbance frequency with CT*/.&. The 
three points on the extreme left are for laminar flow. 0, z = 15 in. ; m, x = 24 in.; 
V, x = 33 in.; A, x = 42 in.; 0 ,  z = 48 in. (a) Velocity. ( b )  Temperature. 

We may approximately correlate the turbulent frequency data of figure 10 
for both velocity and temperature by using G*/xh instead of G*, as shown in 
figure 11 for x = 15,24,33,42 and 48 in. This correlation indicates the importance 
of a parameter of the form G*lxn. Some data for the principal laminar frequency 
near the beginning of transition also follow the same trend. These correlations 
emphasize that the frequency of temperature disturbances is lower than those 
of the velocity disturbances. 

3.5. Disturbance growth during transition 

We also measured the downstream growth of the maximum amplitude of both 
the velocity and temperature disturbances to compare their growth rates, to 
determine any dependence on q" and to compare their growth rates with those 
predicted by linear theory. Figure 12 shows the results for q" = 67 B.Th.U./hft2. 
The measured local maximum amplitude across the boundary region a t  each x 
is normalized by that measured a t  G* = 400. The curve predicted by linear 
stability theory (Hieber & Gebhart 1971) is also drawn. 

The measured growth rate initially follows the predicted one until a t  around 
G* = 430 it becomes greater. This agrees qualitatively with the results of the 
experimental study of Jaluria & Gebhart (1973), with controlled disturbances, 
in which it was found that nonlinear mechanisms led to a higher growth rate from 
about G" = 400 to 550. The actual growth rate then quickly begins to decrease 
and becomes less than that predicted beyond about G* = 570. At large disturb- 
ance amplitude these other mechanisms clearly compete for disturbance energy. 
Transition begins a t  G* = 630. Further downstream the maximum disturbance 
amplitude in the boundary region was found to occur during times of local 
turbulence. 

Growth rates measured for qff = 200, 300 and 415 B.Th.U./hftZ are shown in 
figure 13 for the G" range 600-1400. Transition begins further upstream for these 
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FIGURE 12. Downstream amplification of velocity disturbance u’ with 
G* at 4’’ = 67 B.Th.U./h ft2. 

values of q“ and the curves show disturbance growth during transition. All 
amplitudes are normalized by the values measured a t  G* = 600 for q” = 200 
B.Th.U./hft2, chosen because they are the lowest amplitudes measured. The 
local disturbance amplitude a t  G* = 600 increases with q”, indicating that dis- 
turbances have grown faster a t  higher q” up to G* = 600. We see that the frac- 
tional increase in disturbance amplitude above G* = 600 decreases with q”. 
Recall that these amplitudes were measured in the transition region. Perhaps 
the increasing dominance of turbulent transport mechanisms in the diffusion of 
concentrated disturbance energy has already occurred. 

We also note alower growth rate of temperature disturbances. This is again the 
cause-and-effect link between velocity and the temperature fields. Although 
initially there is a substantial difference in the two growth rates, they become 
nearly equal a t  higher G*. 

3.6. Disturbance amplitude distributions across the boundary region 

Measured local maximum velocity and temperature disturbance amplitude 
distributions (in 7)  are shown for q” = 415 B.Th.U./hft2 in figures 14 (a )  and ( b )  
respectively. The transition region lies between G* = 450 and 1100 a t  this value 
of q”. Each distribution is normalized by the maximum amplitude measured 
across the boundary region. The prediction from stability analysis by Dring & 
Gebhart (1968), for G* = 300 and the most-amplified disturbance frequency, is 
also shown. 
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FIGURE 13. Downstream amplification of velocity and temperature disturbance. A, is the 
disturbance amplitude at C* = 600 for q” = 200B.Th.U./hftz. The numbers shown on 
the curves indicate the value of q”. ~ , velocity; ---- , temperature; -.-, end of 
transition. 

The velocity data have two maxima, as does the theoretical curve. The inside 
peaks are also close to  the calculated one and shift towards the wall with 
increasing G*. Similar behaviour was observed by Vliet & Liu (1969). The outer 
peak moves outwards with increasing C*, as velocity disturbances spread out 
from the surface. However, the distribution a t  G* = 1342 shows an anomalous 
behaviour. Thevelocity disturbance has spread out further in7 than a t  G* = 1083, 
as expected from the growth of the boundary-region thickness. But the distribu- 
tion is much flatter in the outer portion of the boundary region and the outer peak 
value in the distribution is unexpectedly lower. We recall that this transition ends 
at G* = 1100. This unexpected change in the distribution from G* = 1083 to 
G* = 1342 may perhaps be related to the rapidly growing eddy size, discussed 
subsequently. Larger disturbances encounter the Iower velocity fluid near the 
ambient condition more abruptly, which would tend increasingly to damp them. 

The temperature disturbance data in figure 14(b) show a somewhat similar 
behaviour, although there is only one peak, similar to the theoretical result. 
Again, the peak moves towards the surface with increasing G*, in agreement with 
the observations of Godaux & Gebhart (1974). The temperature disturbances 
penetrate further out with increasing G*. The distribution at G” = 1342 again 
shows an anomaly. 
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FIGURE 14. Variation of the amplitude of (a)  the velocity disturbance u‘ and ( b )  the 
temperature disturbance t’ across the boundary region at  4’’ = 415 B.Th.U./h ft2. 
-.-.- , disturbance profile calculated by Dring & Gebhart (1968) at G* = 300 for highly 
amplified disturbance. Present data: 0, G* = 586; 0, G* = 847; a, G* = 1083; 
a, G* = 1342. 

3.7. Disturbance level in the boundary region 

We also studied the downstream variation of the disturbance level in the 
boundary region to obtain further information on changes in boundary-layer 
structure during transition. The results are plotted in figure 15 (a )  as the maxi- 
mum amplitudes u‘ and t’ across the boundary region of the velocity and 
temperature disturbances a t  a given G* normalized by the local measured 
maximum meanvelocity U,,, and the local temperature difference AT across the 
boundary region, respectively. Distributions of U,,, normalized by v/x and of 
AT normalized by the local temperature difference ATL calculated for laminar 
flow, as indicated in the appendix, are shown in figure 15 ( b ) .  These data are for 
q” = 300 and 415B.Th.U./hft2. 

First, from figure 15 ( b )  we see that the measured maximum mean velocity is 
always less than that calculated for laminar flow and increasingly so downstream. 
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For q" = 300B.Th.U./hft2, the difference increases from 15y0 to 30 yo from 
G* = 550 to  1500. The data for q" = 415B.Th.U./hft2 show somewhat less 
deviation. The maximum mean velocity measured by Jaluria (1972) in laminar 
flow was found to be about 10 yo less than the calculated one. 

The measured wall temperature AT/AT ,  is also less than the theoretical value 
for laminar flow, i.e. 1.0. The difference increases from 15 yo to 64 yo for q" = 300 
B.Th.U./hft2 as G+ increases from 550 to 1500. At the higher q" value the devia- 
tion is greater in spite of the measured value of AT being greater a t  the higher q". 
The wall temperature ratio decreases during transition and then approaches 
a constant value as transition is completed. This trend agrees with the wall 
temperature measurements of Vliet & Liu (1969). 

Since the disturbance quantities u' and t' are normalized in figure 15 (a )  by 
the corresponding measured maximum mean value, we see that the disturbance 
amplitudes quickly become comparable with the mean flow quantities. The peak 
value of u' is 50 yo and that oft' is 75 yo. Maximum values occur near the end of 
transition. These disturbance magnitudes are relatively very large and much 
greater than those found in forced boundary-layer flows. 

This downstream variation of amplitude during transition has very interesting 
implications. Temperature disturbance growth appears complete by the end of 
transition. However, velocity disturbances have already passed their maximum 
relative values. These changes perhaps signal a further decrease in the size and 
intensity of turbulent eddies. This behaviour is somewhat similar to that  
observed by Klebanoff, Tidstrom & Sargent (1962) in forced flow, but a t  a much 
lower intensity level. 

3.8. Transverse $ow 
We also measured the transverse component W of the mean velocity and the 
amplitude wf of the fluctuating component to find whether our results in a flow 
subject only to natural disturbances agree with those obtained by Jaluria & 
Gebhart (1973) under controlled conditions in laminar flow and those calculated 
by Audunson & Gebhart (1975) with nonlinear disturbance growth mechanisms. 
The measurements were made a t  G+ = 570 for q" = 67B.Th.U./hft2. This loca- 
tion is just upstream of the beginning of transition; see figure 12. Data taken 
from 7 = 1.0 to 2.0 indicated the presence of both W and w'. W was found to 
vary with 7 with a local maximum around 7 = 1.5. The maximum value of 
W/Umax found by Jaluria & Gebhart (1973) was around 0.06. However, we found 
about 0.005. Klebanoff et al. (1962) also found a similar sharp drop in the value 
of W between flows subject to controlled disturbances and those with only 
natural disturbances. 

The small magnitude of IY and 20' made it impossible to obtain reliable results 
close to the wall and in the outer portion of the boundary region, because of back- 
ground noise in the hot-wire output. Thus, the complete variation of W across 
the boundary region was not obtained. However, the presence of W and its 
variation over a portion of the boundary region imply longitudinal rolls similar 
to those predicted by the analysis and also measured. At a lower value of q" and 
at the same location, W could not be detected over the noise. This is in accordance 
with an expectation of increased nonlinear effects and vortical motion a t  higher 
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FIGURE 15 (a). For legend see facing page. 

G*. All of our measurements of w’ showed it to be almost sinusoidal with a 
frequency close to that of u’, which also agrees with the implications of stability 
analysis. 

4. Transition criteria 
Our results show in many ways that the Grashof number G* does not correlate 

the events of transition. Either x or 2’’ must be considered along with G*. This is 
perhaps most clearly seen in figure 16, where the measured G* limits of the 
transition regime are plotted against 2”. These limits lie a t  lower G* for higher q“. 
Our measurements of mean velocity, mean temperature and of the intermittency 
factor I’(x,y) suggested a correlation parameter of the form G*/xn. Figure 16 
indicates that  each transition limit varies linearly with a negative power of q”, 
indicating a parameter of the form G*q“m, or G*/xn, which is equivalent. The 
value of rn is about 0.2 for the beginning of both velocity and thermal transition 
and that of n is about 0.4. At the end of transition, m 2~ 0.41 and n N 0.54. 

The importance of G* as the correlating parameter is suggested by tradition 
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FIGURE 15. The variation of (a) the disturbance level and ( b )  the plate temperature excess 
and maximum mean velocity with G*. -.-, calculated curves for laminar flow. Present 
data: ~ , velocity; ---- , temperature; -. a-,  boundaries of transition; 0, q" = 300 
B.Th.U./h ft2; 0 ,  q" = 415. 

and also by the success of stability analysis for this flow. Both the amplification 
of small disturbances and the frequency filtering by the boundary-region flow 
are calculated in terms of G* and much experimental evidence shows that these 
predictions are very accurate. However, as nonlinear effects begin to dominate, 
our results unequivocally indicate the failure of G*. 

Godaux & Gebhart (1974) suggested G*/xg as the correlation parameter for 
the onset of what was defined as 'thermal ' transition. This quantity has direct 
physical significance, being proportional to [&(x)]i ,  where &(x) = q"x is the total 
rate of thermal energy convection by the boundary region at  x. They did not 
determine a corresponding parameter to characterize the end of transition. Our 
more detailed results indicate G*/xn, with values of n of 0.4 and 0.54, respectively. 
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Other physical quantities, similar to &(x), might be significant in the transition 
process, for example, the local momentum flux 31 in the boundary region, the 
kinetic energy flux e ,  the temperature difference across the boundary region 
AT and the characteristic velocity U*. Each of these varies downstream as 
G*/zn, where n is initially estimated as the value which applies for laminar flow. 
One may show that, for ill*, n = 9 ,  for e*, n = g, for Ati, n = 2 and for U*&, 

Since the mean temperature and velocity profiles deviate appreciably from the 
laminar ones only downstream of the beginning of transition, these values of n 
are the correct estimates for M ,  e,  U* and AT there and it is not unreasonable to 
expect that a parameter of the form G*Ixn may indicate the beginning of transi- 
tion. The value of n might conceivably lie somewhere between zero, as suggested 
by linear stability analysis, and the values indicated by these relations. A value 
of 0.4 for n is not a priori unreasonable. 

The above laminar relations for 41, e, etc. are not valid late in transition. 
However, [&(x)]* is still proportional to (q''x)+, which results in n = 0.6. There- 
fore, &(x) might be expected to dominate in the later stages of transition and in 
turbulent flow. Our value of n is 0.54 for the end of transition, indicating a change 
from n = 0.4 at the beginning of transition and perhaps leading to n -- 0.6 in 
complete turbulence. Apparently the dependence of G* on the surface heat 
flux is too weak. 

Considering again the beginning of transition, for which our data indicate 
n = &, we find that the only prominent physical quantit'y, or combination of 
such quantities, which has this local variation a t  constant q" is the fifth root of 

n = 1. 2 
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the boundary-layer kinetic energy flux e. The form is (e/pv3)i = F(Pr)G*/xg, 
where F(Pr)  is a non-dimensional function known from the laminar similarity 
solution. A plausible interpretation of this consequence is that the kinetic energy 
flux of the mean flow is the energy available for disturbance growth and this, in 
turn, determines the onset of transition. 

If e / p 3  is non-dimensionalized in terms of g and v we obtain 

Rewriting this in terms of parameters H and E we have 

e i /F(Pr)  = G"(v2/p3)i2i = G*Hi%- = E. 

From our measurements, E = 13.6 and 15.2 for the beginning of velocity and 
thermal transition, respectively. 

In order to assess any general validity of the parameter E ,  as a correlator of 
the beginning of transition, we have collected all transition data from the 
literature for flow adjacent to a vertical plate. The studies were performed in air, 
nitrogen, water and silicone oil and both the conditions of uniform flux and 
surface temperature occur. In  each case we have calculated, as accurately as the 
reported data permit, the value of E a t  estimated transition. The results are 
summarized in table 1.  Data from the isothermal condition were reduced using 
CT instead of G* in E; see appendix. We see the surprising result that there is 
only about a 70 yo spread in E over a Prandtl number range from 0.7 to 11.85, 
including data for two different boundary conditions and several fluids. 

Important variables in much of the data in the literature are the basis of 
judgement in the matter of assigning the location of transition and how the 
location was determined from the experiment. We ignored the data with q - T ,  
greater than about 50 "F owing to  the uncertainty in property evaluation. Most 
studies define transition in terms of changes in quite gross features of the trans- 
port; for example, the mean velocity and temperature profiles. Our results 
indicate that such changes appear downstream of the first appearance of bursts. 
This undoubtedly explains many of the high values of E in the table. 

The parameter E appears to be quite promising. So far it has also, at  least 
approximately, absorbed the Prandtl number dependence which might arise 
owing to a varying relation of thermal and velocity boundary-region thicknesses. 
We should clearly like to investigate further the relevance and precision of E 
through experiments designed to detect accurately first turbulence. Preliminary 
measurements in a new experimental study in our laboratory (Jaluria & Gebhart 
1974), with a much shorter surface and in a different tank of water resulted in a 
value of E of 13.1 for velocity transition, lending further support to the above 
analysis. 

5. Conclusions 
Our measurements during natural transition have determined the detailed 

behaviour of both the velocity and temperature fields. The mean profiles are in 
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good general agreement with the few past experimental studies of such flows. 
The measurements of the disturbance frequency, amplitude, growth rate and 
of the growth of turbulence in the boundary region clarify the sequence of events 
as the flow undergoes transition to complete turbulence. 

Turbulence first appears in the velocity field. Resultant turbulent mixing of 
the more concentrated thermal region occurs further downstream and is apparent 
in increasing thermal turbulence. The initial turbulence is locally concentrated 
close to the peak of the laminar velocity profile. Downstream it diffuses outwards. 
The boundary region thickens and the mean profiles deviate progressively from 
the corresponding laminar ones. Transition events are expressed in terms of the 
two turbulence intermittency factors. 

An important point that emerges from our results is that the Grashof number, 
or G*, does not characterize the events of transition. We found that the para- 
meter G*/xfi, where n is 0.4 and 0.54, correlates the two boundaries of the 
transition regime. 

Another very significant observation concerns the nature of the interaction of 
the velocity and temperature fields during transition. The turbulence in the 
temperature field lags behind that in the velocity field, clearly a Prandtl number 
effect. The thickness of the temperature field never equals that of the velocity 
field. Predominant disturbance frequencies also lag behind. However, our two 
criteria for the end of transition, in terms of separate velocity and temperature 
intermittency factors and corresponding boundary-layer thicknesses, coincide, 
indicating that transition ends simultaneously in the two fields. 

These results also agree with earlier studies of both the linear and nonlinear 
features of laminar instability. The disturbance frequency in the laminar portion 
of a flow undergoing transition was found to be still remarkably close to the 
filtered one predicted by linear stability analysis. The laminar disturbance 
growth rate was also found to agree with the earlier measurements of Jaluria & 
Gebhart ( 1973). In  that controlled experiment an alternate spanwise steepening 
and flattening of the longitudinal mean velocity profile was found, as predicted 
to result from nonlinear three-dimensional disturbance interaction. A steepened 
profile might cause more rapid local disturbance growth and subsequent bursts 
in the region between the peak and the inflexion point of the laminar profile. 
A flattened profile, on the other hand, would carry momentum out across the 
outer portion of the boundary region and into the ambient fluid and, perhaps, 
thereby further destabilize the flow. However, our results indicate that bursts 
first appear close to the peak of the laminar velocity profile and we tentatively 
suggest that the steepened profile triggers transition. 

The next step in the study of such flows would be an extensive local investiga- 
tion of both the detailed events underlying the progress of the flow to developed 
turbulence and the early stages of complete turbulence. It would also be very 
important to measure turbulence parameters, both during transition and in 
complete turbulence. Our approximate correlation of transition in terms of E 
also suggests a line of very practical further study. 
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Appendix 
The most commonly employed definition of the Grashof number in natural 

convection flow is Gr, = g p , ~ ~ A T / v 2 ~  where x is the downstream location, pT the 
coefficient of thermal expansion, u the kinematic viscosity, g the gravitational 
acceleration and AT the local temperaturedifference between the surface and the 
ambient fluid. Another parameter often used in such flows, G, is defined as 
G = 4(4Gr,)4. Both Gr, and G can be used for arbitrary variation of AT with X .  

For anisothermal surface in anunstratifiedmedium, AT = constant. Similarly, 
i t  can be shown that, for a surface which dissipates a uniform heat flux q", 
AT = Nx*. Further N = ( q " / k [ - ~ ' ( O ) ] ) ~ ( 4 ~ 2 / g p , ) ~ ,  where k is the thermal con- 
ductivity of the fluid and - # ' ( O )  is a constant dependent on the Prandtl number. 
However, for a uniform-heat-flux surface another Grashof number is often 
defined as Grz = g,8T~4q"/k~2,  where AT has been replaced by q"x/k. The corre- 
sponding Grashof number parameter G* is defined as G* = 5(6Gr,*)*. 

We have reported all our results in terms of G*. In  order to facilitate interpreta- 
tion of our results in terms of other studies with an isothermal plate or with some 
other surface temperature variation, the following relation between G and G* is 
derived: G = C*{(0.S)4/[ - # ' ( O ) ] } S .  For Pr = 6.7, [ - # ' ( O ) ]  = 1.173. 
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